Abstract: Due to the lognormality of the short rate under the Black-Karasinski interest model, closed-form expressions for zero-coupon bond prices are not available. Existing methods for computing approximate prices include perturbation methods for solving the reaction-diffusion equation satisfied by the bond-price and the exponent expansion for computing the bond price via Arrow-Debreu prices. Perturbation methods are accurate for small volatility problems whereas the exponent expansion is accurate for small maturities. This work proposes a high-order computational method that works for all parameter settings. Several numerical examples are described to illustrate the high accuracy and rapid computation of bond prices.
Introduction
The generalised Black-Karasinski (gBK) model (Tourrucôo et al., 2007) assumes that the short term interest rate can be expressed in the form ( ) 
where the parameter v satisfies the constraint 0 < v ≤ 1 and r 0 is the initial value of the short term interest rate. The stochastic process X(t) has initial value X(0) = 0 and follows the Ornstein-Uhlenbeck process ( )
where W(t) is a Q-Brownian motion with Q denoting the risk-neutral measure. The variables θ(t) and κ(t) control the mean reverting property of the process X(t) and σ(t) is the volatility term. The model defined by (1) and (2) generalises well-known one-factor interest rate models. The Hull-White model corresponds to the case when v = 1 and for v = 1/2, we obtain the extended Cox-Ingersoll-Ross (CIR) model. In the limit v → 0, we obtain the Black-Karasinski model with g(X(t)) = e X(t) . Under gBK models, the value Z(t, x, T) of a zero-coupon bond at time t with maturity T is given by
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Tourrucôo et al. (2007) used perturbation methods for approximating the bond price Z(t, x, T) under the assumption of small values of the volatility parameter σ(t).
By showing that Z(t, x, T) satisfies a reaction-diffusion equation, an approximate formula for the bond price is derived. Stehlíková and Capriotti (2014) applied a procedure termed as exponent expansion to approximate Arrow-Debreu prices as a power series in time and zero-coupon bond prices are computed via a recurrence which involves one-dimensional integrals. This method provides very accurate results for small maturity problems.
This work develops a high-order numerical method for zero-coupon bond pricing that is highly accurate for both small and large volatilities. One advantage of employing high order approximations is that high-accuracy solutions can be obtained with relatively coarse meshes.
An outline of this paper is as follows. The bond pricing equation is described in §2. Explicit analytical approximations using perturbation methods and exponent expansions are described in §3. The high-order computational method is derived in §4 and in §5, an extensive set of numerical results are described. Our conclusions are contained in §6.
Bond pricing equation
The bond pricing equation in the form of a reaction-diffusion equation in Tourrucôo et al. (2007) can be derived as follows. Taking the expectation on both sides of the integral form of (2) and then differentiating with respect to the time variable t, we can show that ( )
We thus find that Then, r(t, X(t) 
with terminal condition Z(T, y, T) = 1, and Seeking a solution of the PDE (4) in the form ( , , ) ( , , ) ,
we find that φ satisfies the nonlinear PDE given by
for (t, y) ∈ [0, T] × R with terminal condition φ(T, y, T) = 0. Tourrucôo et al. (2007) used perturbation techniques to derive analytical approximations under the generalised Black-Karasinski models. In this section, we present these approximations which lead to an exact solution for the case of the Vasicek model and a higher-order result for the CIR model in terms of integrals. In addition, we extend the results of the authors by providing explicit analytical expressions to compute the bond price under both models.
Perturbation techniques

Vasicek model
Choosing v = 1 and constant parameters θ(t)≡ θ; κ(t) ≡ κ; σ(t) ≡ σ, corresponds to the Vasicek model. In this case, an exact bond price formula is obtained for which the solution φ is given by (Tourrucôo et al., 2007) 
Explicit exact solution
Simplifying (8) gives
Evaluating the second integral term in (9) and squaring gives ( ) 
The bond price can be calculated explicitly using equation (6).
CIR model
An exact formula for the CIR bond price is not possible. Noting that
where
an appropriate solution for (7) is sought in the form (Tourrucôo et al., 2007) 2 ,
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with
A(T, T) = B(T, T) = C(T, T) = 0. In the following we derive explicit expressions for A(t, T), B(t, T) and C(t, T).
It can be shown that the function C(t, T) satisfies
which is a Riccatti equation, for which an analytical solution is difficult to determine. Using the form (10), we seek an approximate solution in the form
It then follows that
.
Explicit approximate expressions under CIR
We next extend the results of Tourrucôo et al. (2007) 
by giving explicit analytical expressions for the pricing of zero-coupon bonds under the CIR model by solving the integrals terms involved in the computations of A(t, T), B(t, T) and C(t, T).
Starting by computing the integrals in (13)- (16), it is seen that
Having obtained an expression for C(t, T), an approximation for B(t, T) can be obtained by using the following series expansion
Denoting the first integral on the right hand side by G 1 (t, T) and on evaluating this integral we get
Considering the second integral, we let
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Thus we have
Using the expressions (25) and (12), we can obtain
Pseudocode
A pseudocode demonstrating how to implement the analytical approximation for the CIR model is given below.
CIR -analytical approximation algorithm begin 1 Initialisation:
Input the model parameters κ, θ, σ, initial interest rate r 0 and T.
(1b) Define λ(t) = e -κt and ( )
Computation of C(t, T):
and C 6 (t, T) using equations (18)- (21).
(2b) Obtain C(t, T) using (12).
Computation of B(t, T):
and G 3 (t, T) using equations (22)- (24).
(3b) Compute B(t, T) using equation (25).
Computation of A(t, T):
(4a) Compute A(t, T) using equation (26).
Output bond price:
(5a)
Compute φ(t, y; T) given by equation (11).
()5b The bond prices at time t is then given by Z(t, y, T) = e -φ(t, y, T)
. end
Exponent expansion
Stehlíková and Capriotti (2014) used a procedure called exponent expansion which is based on a small-time expansion to derive approximate analytical prices in the case when the parameters in the Ornstein-Uhlenbech diffusion are constants. We therefore assume that the mean reversion level θ(t) ≡ θ, κ(t) ≡ κ and σ(t) ≡ σ where κ > 0, α ∈ R and σ > 0 are constants. Interest rate derivatives can be priced by computing the state price density ψ(x, x 0 , T) defined by
where r(x) = r 0 (1 + νx)
1/ν and δ is the Dirac's delta function. The zero-coupon bond price Z(t, x 0 , T) is then given by
The state price density ψ(x, x 0 , T) is the solution of the pde
then it follows that W solves the equation
A series solution in the form
is sought for pde (28). Replacing the series expansion in the pde, we obtain, for the first four terms, the following equations 
In the case of the Vasicek model where the drift term is μ(x) = θ -κx with r(x) = r 0 (1 + x), we then find that ( ) Using the expressions for W n (x, x 0 ) for n = 0, 1, 2, 3, we obtain that for all n ≥ 4, The expression for n = 3, …, 6 are as given in Stehlíková and Capriotti (2014) . A pseudocode to implement the exponent expansion method for the Black-Karasinski model is given below. 
Calculate ψ(x, x 0 , t) using equation (27).
Output bond price:
(4a) Integrate ψ between x min and x max to obtain the bond price.
end 4 High-order PDE method
Although commonly employed for the solution of finance pdes, the Crank-Nicolson scheme is only second-order accurate and also produces oscillations in the hedging parameters for some equity option pricing problems. High-order discretisations have been shown to perform better (Thakoor et al., 2015 (Thakoor et al., , 2013 (Thakoor et al., , 2014 Coonjobeharry et al., 2013) and these methods do not yield oscillatory solutions.
In the following, we describe a high-order finite difference discretisation for the partial differential equation (4) The scheme we derive is based on the approach described in Jain et al. (1990) for general quasilinear partial differential equations. For this, we express (4) in the form 2 2 , , ,
Then a high-order discretisation of (29) 
Fourth-order accuracy in space
We show that the scheme given by (30) is second-order accurate in time and fourth-order accurate in the space direction. We use the following notations
and we let n m T denote the local truncation error at the point (m, n). Then expanding (29) 
It can be seen that for θ = 1/2, the truncation error becomes ( ) ). Choosing k = μh 2 leads to a fourth-order scheme in space.
We express (4) in the form
where r(t, y) is given by (5). Then 
Numerical results
This section describes several numerical examples using our high-order compact scheme (HOC) and we draw comparisons with other approaches to illustrate its effectiveness under different models nested by the Generalised Black-Karasinski model. All computations have been carried out using Mathematica 10 on a Core i5 laptop with 8 GB RAM and speed 3.20 GHz.
Vasicek model
We first consider the case when v = 1 with constant parameters which corresponds to the Vasicel model. Table 1 shows the bond prices, error (difference between approximate and exact solutions), the convergence rates for a bond with face value of one dollar and maturities T = 1, 10, 20 and 30 years. The parameters are chosen as θ = 0.1, κ = 0.2, σ = 0.1 and r 0 = 0.02. We observe that for both short and long maturity bonds, the HOC solutions are highly accurate with a smooth fourth-order convergence rate. The exponent expansion method is less accurate even for a low maturity bond of one year as this method is known to yield accurate results only in the regime of very low volatility. The second numerical example considers the pricing of a long maturity bond under a high volatility regime. The numerical results are compared against those obtained by the method of Vetzal (1998) . The results from Table 2 indicate that using 20 spatial nodes, the implicit method of Vetzal computes a solution with an error of magnitude 6.6 × 10 -4 in 11 milliseconds while the high-order scheme produces an error of magnitude 3.3 × 10 -7 in the same computational time. Furthermore the implicit and explicit schemes of Vetzal are second-order accurate while our scheme is fourth-order accurate and produces an eight figure accurate solution in only 126 milliseconds for this high volatility and long maturity problem. Table 1 Bond prices computed using the high-order scheme under the Vasicek model for T = 1, 10, 20, 30 (θ, κ, σ, r 0 , μ, R) = (0.1, 0.2, 0.1, 0.02, 10, 1) 
CIR model
For the CIR model (v = 1/2) we give a comparison between HOC and the approach of Ekström et al. (2009) in Table 3 for a unit bond with maturity T = 1 year. The superiority of our method is shown in terms of accuracy and speed of computations. For instance we obtain an error of 10 -7 in 123 milliseconds using 80 grid nodes by the method in Ekström et al. (2009) while an error of similar magnitude is obtained by HOC using only 40 grid nodes in 56 milliseconds. We again observe a fourth-order convergence rate.
Black-Karasinski model
For the Black-Karasinski model, we first consider a short maturity problem with a high volatility to show agreement between the HOC and exponent expansion prices. The results are reported in Table 4 . Although the exponent expansion method is able to yield accurate bond prices up to fairly large times to maturity, as given in Stehlíková and Capriotti (2014 , Table 1 ), we next show using the same set of parameters that as the order of expansion increases, oscillations are observed in the transition density. This is illustrated in Figure 1 . 
The next example considers the pricing of two unit bonds with different maturities. Since there is no exact value for this model, we use the solution on a much refined grid as a reference value to calculate the errors and convergence rates. The results are shown in Table 5 . Table 5 Bond prices under the Black-Karasinski model for T = 1 and T = 10 years (θ, κ, σ, r 0 , μ) = (0.09, 0.23, 0.05, 0.02, 10) 
Conclusions
This work developed a new computational method for pricing zero-coupon bond prices under generalised Black-Karasinski interest rate models. The technique was shown to be fast and highly accurate for long maturity bonds as well as for high volatility problems. The proposed method can be easily extended to the pricing of bond options and swaptions.
